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Introduction

Classical Galois theory sits at the heart of modern algebra, offering a powerful bridge between field extensions and 

group theory. By exploring the symmetry of polynomial roots, it provides a systematic way to answer age �old 

questions such as whether a given polynomial can be solved by radicals. In this article we will walk through the 

foundational concepts of classical Galois theory, illustrate them with concrete examples, and highlight key ideas 

using the phrase “examples efatwa”to underscore practical applications. Whether you’re a math enthusiast, a

graduate student, or a seasoned researcher, this guide aims to deepen your understanding of how algebraic

structures reveal the hidden order in polynomial equations.

What Is Classical Galois Theory?

At its core, classical Galois theory studies the relationship between two mathematical objects:

•  Field extensions – larger fields that contain a given base field and additional elements such as roots of 

polynomials.

•  Galois groups – groups formed by the automorphisms (structure �preserving maps) of the field extension that 

fix the base field.

The theory’s central theorem states that there is a one �to �one correspondence between intermediate fields and

subgroups of the Galois group. This correspondence unlocks a wealth of information: the solvability of polynomials

by radicals, the structure of algebraic numbers, and even the symmetry of geometric objects.

Key Terminology

1.  Field – a set equipped with addition, subtraction, multiplication, and division (except by zero) satisfying the 

usual axioms.

2.  Field Extension – a larger field that contains a smaller field as a subfield.

3.  Automorphism – a bijective map from a field to itself that preserves addition and multiplication.

4.  Galois Group – the group of all automorphisms of a field extension that fix the base field.

5.  Splitting Field – the smallest field extension in which a given polynomial splits into linear factors.

6.  Normal Extension – an extension in which every irreducible polynomial that has a root in the extension splits 

completely within it.

7.  Separable Extension – an extension where no element has a repeated root in its minimal polynomial.

The Fundamental Theorem of Galois Theory

The Fundamental Theorem provides the backbone of classical Galois theory. It asserts that for a finite Galois

extension \(L/K\) (i.e., a normal and separable extension), there is a bijective correspondence between:

•  Intermediate fields \(K \subseteq F \subseteq L\).

•  Subgroups \(H \subseteq \operatorname{Gal}(L/K)\).

Moreover, the fixed field of a subgroup \(H\) is the set of elements in \(L\) that are invariant under every

automorphism in \(H\). This duality allows us to translate algebraic questions about fields into combinatorial

questions about groups, and vice versa.



Why Is This Powerful?

Because many problems in algebra reduce to understanding the structure of a Galois group. For example:

•  Determining whether a polynomial is solvable by radicals hinges on whether its Galois group is a solvable 

group.

•  Classifying field extensions of a given degree reduces to cataloguing subgroups of a corresponding 

symmetric group.

•  Understanding the arithmetic of algebraic number fields often involves studying their Galois groups.

Constructing Field Extensions: A Step �by �Step Approach

Let’s walk through the process of building field extensions, starting from the rational numbers \(\mathbb{Q}\) and

adjoining algebraic elements. This will set the stage for our first concrete example.

Step 1: Adjoining a Root of a Polynomial

Suppose we have a polynomial \(f(x) \in \mathbb{Q}[x]\). By adjoining one of its roots \(\alpha\) to \(\mathbb{Q}\),

we create a new field \(\mathbb{Q}(\alpha)\). For instance, if \(\alpha = \sqrt{2}\), then \(\mathbb{Q}(\sqrt{2}) = \{a +

b\sqrt{2} \mid a,b \in \mathbb{Q}\}\).

Step 2: Determining the Minimal Polynomial

The minimal polynomial of \(\alpha\) over \(\mathbb{Q}\) is the monic polynomial of smallest degree with rational

coefficients that has \(\alpha\) as a root. For \(\sqrt{2}\), the minimal polynomial is \(x^2 - 2\).

Step 3: Computing the Degree of the Extension

The degree \([\,\mathbb{Q}(\alpha) : \mathbb{Q}\,]\) equals the degree of the minimal polynomial. Thus,

\([\mathbb{Q}(\sqrt{2}) : \mathbb{Q}] = 2\).

Step 4: Extending Further

To obtain a splitting field for a polynomial, we may need to adjoin multiple roots. For example, to split \(x^3 - 2\), we

adjoin \(\sqrt[3]{2}\) and the complex cube roots of unity \(\omega = e^{2\pi i/3}\). The resulting field is \(\mathbb{Q}

(\sqrt[3]{2}, \omega)\).

Example 1: The Quadratic Polynomial \(x^2 - 2\)

Let’s analyze the simplest non �trivial polynomial, \(f(x) = x^2 - 2\). Its roots are \(\pm \sqrt{2}\), both irrational. We

construct the splitting field \(L = \mathbb{Q}(\sqrt{2})\).

Galois Group Calculation

•  Automorphisms must fix \(\mathbb{Q}\) and send \(\sqrt{2}\) to another root of the minimal polynomial.

•  Thus, the two automorphisms are:

Identity: \(\sigma(\sqrt{2}) = \sqrt{2}\).

•  Conjugation: \(\tau(\sqrt{2}) = -\sqrt{2}\).

Intermediate Fields

Since the Galois group is of order 2, its only subgroups are the trivial group and the whole group. Correspondingly,

the only intermediate fields are \(\mathbb{Q}\) and \(L\) itself. This trivial example already illustrates the bijective

correspondence promised by the Fundamental Theorem.



Example 2: Solving the Cubic \(x^3 - 2\)

Now we tackle a cubic polynomial that is solvable by radicals. The roots are \(\sqrt[3]{2}\), \(\sqrt[3]{2}\,\omega\),

and \(\sqrt[3]{2}\,\omega^2\), where \(\omega = e^{2\pi i/3}\).

Splitting Field Construction

•  Adjoin \(\sqrt[3]{2}\) to \(\mathbb{Q}\) to get \(K = \mathbb{Q}(\sqrt[3]{2})\).

•  Adjoin \(\omega\) to \(K\) to get the full splitting field \(L = \mathbb{Q}(\sqrt[3]{2}, \omega)\).

Degree of the Extension

The minimal polynomial of \(\sqrt[3]{2}\) over \(\mathbb{Q}\) is \(x^3 - 2\), so \([K : \mathbb{Q}] = 3\). The element

\(\omega\) satisfies \(x^2 + x + 1 = 0\), so \([L : K] = 2\). Therefore, \([L : \mathbb{Q}] = 6\).

Galois Group Structure

•  There are six automorphisms of \(L\) fixing \(\mathbb{Q}\). They are determined by how they send \(\sqrt[3]

{2}\) (to any of its three conjugates) and \(\omega\) (to \(\omega\) or \(\omega^2\)).

•  The group is isomorphic to the symmetric group \(S_3\), which has order 6.

Solvability by Radicals

Since \(S_3\) is a solvable group, the cubic polynomial is solvable by radicals. Indeed, the classical cubic formula

provides explicit expressions for the roots in terms of radicals.

Example 3: The Quintic \(x^5 - x - 1\)

To illustrate the boundary between solvable and unsolvable polynomials, we examine a quintic with Galois group

\(S_5\).

Irreducibility

By Eisenstein’s criterion with prime \(p = 2\), the polynomial \(x^5 - x - 1\) is irreducible over \(\mathbb{Q}\). Hence,

the degree of the extension \(\mathbb{Q}(\alpha)\), where \(\alpha\) is a root, is 5.

Galois Group Determination

•  Computational tools or group theory arguments show that the Galois group is the full symmetric group 

\(S_5\), which is not solvable.

•  Consequently, there is no general formula using radicals that solves this quintic.

Implications

This example demonstrates that not all polynomials are solvable by radicals, a fact that motivated the development

of Galois theory in the first place.

Examples Efatwa: Practical Applications of Galois Theory

While the preceding examples showcase the theoretical elegance of Galois theory, its reach extends far beyond

abstract algebra. Below are several “examples efatwa” that illustrate real �world applications.

Cryptography

•  Public �key systems like RSA rely on the difficulty of factoring large integers, which can be studied using field 

extensions and the arithmetic of cyclotomic fields.

•  Elliptic curve cryptography (ECC) involves the group of points on an elliptic curve over a finite field, a topic 



enriched by Galois cohomology.

Solving Polynomial Equations in Engineering

•  Control theory often requires solving characteristic polynomials to analyze system stability. Galois theory 

helps determine whether the eigenvalues can be expressed in closed form.

•  Signal processing uses polynomial factorization for filter design; understanding the splitting field informs 

algorithmic efficiency.

Number Theory and Diophantine Equations

•  Classical problems like Fermat’s Last Theorem involve understanding the Galois representations attached to 

elliptic curves.

•  The study of cyclotomic fields, whose Galois groups are abelian, underpins the proof of quadratic reciprocity.

Algebraic Geometry

•  The function field of a curve is a field extension whose Galois group encodes the symmetry of the curve.

•  Étale cohomology, a cornerstone of modern algebraic geometry, generalizes Galois theory to schemes.

Computational Aspects:

Baca Juga (Artikel Terkait)

•  cipp study guide
   URL: http://basicgravity.com/cipp-study-guide.pdf

•  cipher
   URL: http://basicgravity.com/cipher.pdf

•  cipd advanced human resources management
   URL: http://basicgravity.com/cipd-advanced-human-resources-management.pdf

•  cioms iii guidelines
   URL: http://basicgravity.com/cioms-iii-guidelines.pdf
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