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Introduction

Goldstein’s Classical Mechanics is a cornerstone text for students and researchers alike, offering a rigorous yet 

accessible treatment of the fundamental principles that govern the motion of physical systems. Among its many 

chapters, Chapter 8—dedicated to Lagrangian mechanics—often presents a challenging transition for learners 

moving from Newtonian formulations to the elegant language of generalized coordinates and variational principles. 

Consequently, the demand for reliable, step �by �step solutions to the problems in this chapter is high. This article 

serves as a comprehensive guide to the classical mechanics goldstein solutions chapter 8, unpacking the core

concepts, illustrating typical problem types, and providing detailed worked examples that illuminate the underlying

reasoning.

Overview of Chapter 8: Lagrangian Mechanics

Chapter 8 introduces the Lagrangian formalism, a powerful framework that simplifies the analysis of systems with

constraints and symmetries. The key ideas include:

•  Lagrangian Function (L): Defined as the difference between kinetic (T) and potential (V) energies, \(L = T - V\).

•  Generalized Coordinates (qi): Variables that uniquely describe the system’s configuration, often chosen to 

exploit constraints.

•  Euler–Lagrange Equations: The central equations of motion derived from the principle of stationary action, 

\(\frac{d}{dt}\left(\frac{\partial L}{\partial \dot{q}_i}\right) - \frac{\partial L}{\partial q_i} = 0\).

•  Conservation Laws: Derived from symmetries via Noether’s theorem, yielding conserved quantities such as 

energy, linear momentum, and angular momentum.

•  Generalized Forces: Non �conservative forces incorporated through the generalized force term \(Q_i\).

Understanding these concepts is essential before tackling the problem set, as each exercise builds upon the

foundational principles outlined above.

Common Themes in Chapter 8 Problems

The problems in Chapter 8 typically revolve around the following themes:

1.  Deriving equations of motion for systems with constraints.

2.  Applying symmetry arguments to identify conserved quantities.

3.  Transforming between different coordinate systems (Cartesian, polar, spherical).

4.  Incorporating non �conservative forces via generalized forces.

5.  Analyzing small oscillations and stability.

By recognizing these recurring patterns, students can approach each problem methodically, reducing the likelihood

of errors and improving conceptual clarity.

Sample Solutions to Key Problems

Problem 8.1: Simple Pendulum in a Varying Gravitational Field



Statement:A simple pendulum of length \(l\) is suspended in a region where the gravitational acceleration varies

linearly with height, \(g(y) = g_0 (1 + \alpha y)\). Derive the equation of motion using Lagrangian mechanics.

Solution:

1.  Choose Generalized Coordinate: Let \(\theta\) be the angular displacement from the vertical. The position of 

the mass is \(x = l \sin \theta\), \(y = -l \cos \theta\).

2.  Compute Kinetic Energy (T): \(T = \frac{1}{2} m l^2 \dot{\theta}^2\).

3.  Compute Potential Energy (V): Since \(g\) depends on \(y\), integrate:

\[

V = m \int g(y) \, dy = m g_0 \int (1 + \alpha y) \, dy = m g_0 \left( y + \frac{1}{2}\alpha y^2 \right).

\]

Substituting \(y = -l \cos \theta\):

\[

V = -m g_0 l \cos \theta + \frac{1}{2} m g_0 \alpha l^2 \cos^2 \theta.

\]

4.  Lagrangian (L): \(L = T - V = \frac{1}{2} m l^2 \dot{\theta}^2 + m g_0 l \cos \theta - \frac{1}{2} m g_0 \alpha l^2 

\cos^2 \theta\).

5.  Euler–Lagrange Equation:

\[

\frac{d}{dt}\left( \frac{\partial L}{\partial \dot{\theta}}\right) - \frac{\partial L}{\partial \theta} = 0

\]

Compute derivatives:

\[

\frac{\partial L}{\partial \dot{\theta}} = m l^2 \dot{\theta}, \quad \frac{d}{dt}\left(m l^2 \dot{\theta}\right) = m l^2 

\ddot{\theta},

\]

\[

\frac{\partial L}{\partial \theta} = -m g_0 l \sin \theta + m g_0 \alpha l^2 \cos \theta \sin \theta.

\]

Thus:

\[

m l^2 \ddot{\theta} + m g_0 l \sin \theta - m g_0 \alpha l^2 \cos \theta \sin \theta = 0.

\]

Divide by \(m l^2\):

\[

\ddot{\theta} + \frac{g_0}{l} \sin \theta - \alpha g_0 \cos \theta \sin \theta = 0.

\]

6.  Interpretation: The equation reduces to the standard pendulum equation when \(\alpha = 0\). The additional 

term represents the effect of the spatially varying gravitational field.

Problem 8.12: Motion of a Particle in a Central Potential

Statement:A particle of mass \(m\) moves under a central potential \(V(r) = -\frac{k}{r}\). Using polar coordinates,

derive the effective potential and determine the conditions for circular orbits.

Solution:

1.  Coordinates and Lagrangian: In polar coordinates \((r, \phi)\),

\[



T = \frac{1}{2} m (\dot{r}^2 + r^2 \dot{\phi}^2), \quad V = -\frac{k}{r}.

\]

Thus,

\[

L = \frac{1}{2} m \dot{r}^2 + \frac{1}{2} m r^2 \dot{\phi}^2 + \frac{k}{r}.

\]

2.  Conserved Angular Momentum: Since \(\phi\) is cyclic,

\[

p_\phi = \frac{\partial L}{\partial \dot{\phi}} = m r^2 \dot{\phi} = \ell \quad (\text{constant}).

\]

Hence,

\[

\dot{\phi} = \frac{\ell}{m r^2}.

\]

3.  Radial Equation of Motion: Euler–Lagrange for \(r\):

\[

m \ddot{r} - m r \dot{\phi}^2 + \frac{k}{r^2} = 0.

\]

Substitute \(\dot{\phi}\):

\[

m \ddot{r} - \frac{\ell^2}{m r^3} + \frac{k}{r^2} = 0.

\]

4.  Effective Potential: Define

\[

V_{\text{eff}}(r) = \frac{\ell^2}{2 m r^2} - \frac{k}{r}.

\]

Then the radial equation can be written as

\[

m \ddot{r} = -\frac{d V_{\text{eff}}}{dr}.

\]

5.  Circular Orbit Condition: For a circular orbit, \(r = r_0 = \text{constant}\), so \(\ddot{r} = 0\) and \(dV_{\text{eff}}/

dr = 0\):

\[

\frac{dV_{\text{eff}}}{dr} = -\frac{\ell^2}{m r^3} + \frac{k}{r^2} = 0 \quad \Rightarrow \quad \frac{\ell^2}{m r_0^3} = 

\frac{k}{r_0^2} \quad \Rightarrow \quad r_0 = \frac{\ell^2}{m k}.

\]

Thus the radius of a stable circular orbit depends on the conserved angular momentum and the force constant.

Problem 8.27: Small Oscillations of a Double Pendulum

Statement:Consider a double pendulum with equal masses \(m\) and equal rod lengths \(l\). Linearize the

equations of motion for small angles \(\theta_1\) and \(\theta_2\) and find the normal mode frequencies.

Solution:

1.  Lagrangian in Small �Angle Approximation: For small \(\theta\), \(\sin \theta \approx \theta\) and \(\cos \theta 

\approx 1\). The kinetic and potential energies up to second order in \(\theta\) are:

\[

T \approx \frac{1}{2} m l^2 \left( 2 \dot{\theta}_1^2 + \dot{\theta}_2^2 + 2 \dot{\theta}_1 \dot{\theta}_2 \right),



\]

\[

V \approx \frac{1}{2} m g l \left( 2 \theta_1^2 + \theta_2^2 \right).

\]

2.  Matrix Formulation: Write the equations of motion as

\[

\mathbf{M} \ddot{\boldsymbol{\theta}} + \mathbf{K} \boldsymbol{\theta} = 0,

\]

with

\[

\mathbf{M} = m l^2 \begin{pmatrix} 2 & 1 \\ 1 & 1 \end{pmatrix}, \quad

\mathbf{K} = m g l \begin{pmatrix} 2 & 0 \\ 0 & 1 \end{pmatrix},

\]

and \(\boldsymbol{\theta} = (\theta_1, \theta_2)^T\).
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