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Introduction

When you first hear the phrase computer graphics mathematical first steps, it might feel like a daunting mix of
art, science, and coding. Yet, the journey from a simple pixel on a screen to a fully immersive 3D world is built on a
few foundational mathematical concepts. This article walks you through those essential first steps, blending clear
explanations with practical examples. By the end, you'll understand how geometry, algebra, and calculus come
together to power everything from video games to virtual reality, and you'll have the confidence to dive deeper into
the world of computer graphics.

What Is Computer Graphics?

Computer graphics is the field that studies how to generate images and animations using computers. It sits at the
intersection of computer science, mathematics, and visual arts. Whether you're looking at a simple 2D sprite in a
mobile game or a photorealistic scene rendered by a movie studio, the underlying processes share common
principles.

From Pixels to Perception

At its core, a digital image is a grid of pixels—tiny squares each holding a color value. The challenge is to translate
abstract mathematical descriptions (like a 3D point in space) into a set of pixel values that can be displayed on a
monitor. This translation involves:

Modeling shapes and scenes in a virtual space.

Transforming those shapes into a 2D view.

Calculating lighting, shading, and texture to give the scene realism.

e Optimizing the process so that it runs in real time on consumer hardware.

The Rendering Pipeline

Modern graphics pipelines are highly optimized, but they follow a logical sequence:

Application Stage: The developer writes code that defines geometry, materials, and camera parameters.
Vertex Processing: Each vertex of the geometry is transformed and processed.

Primitive Assembly: Vertices are grouped into triangles (the simplest polygon).

Rasterization: Triangles are projected onto a 2D screen, determining which pixels they cover.

Fragment Processing: Shaders calculate the final color of each pixel.

6. Output Merging: The final image is composed and displayed.
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Why Mathematics Is Essential

Without math, computer graphics would be impossible. The discipline relies heavily on:

Linear Algebra for vectors, matrices, and transformations.

« Geometry to describe shapes and spatial relationships.

« Trigonometry for rotations, angles, and perspective.

Basic Calculus for understanding gradients in shading and physics simulations.



These tools allow developers to manipulate objects in space, compute lighting, and simulate realistic motion.

Mathematical Foundations for Beginners

Below are the core mathematical concepts you'll encounter in your first steps into computer graphics. We’'ll explain
each one, show why it matters, and provide simple code snippets to illustrate its use.

Vectors

A vector represents a direction and magnitude. In graphics, vectors describe positions, directions, normals, and
more.

¢ Notation: A vector in 3D is written as v = (X, Y, 2).
e Operations:

Addition:u+v=(UuX+V_X, UYy+V_yUuz+v_z)

e Scalar Multiplication: k * v = (k*x, k*y, k*z)

e Dot Product: u -v=u_x*_ X+ U y*v y+u z*v z

e Cross Product: u x v = (U_y*vV_zZ - U_Z*V_Y, U_Z*V_X - U_X*V_Z, U_X*V_Y - U_Yy*V_X)
 Calculating surface normals for lighting.

e Determining camera direction.
e Computing distances between points.

Matrices

Matrices are arrays of numbers used to perform linear transformations—scaling, rotation, translation—on vectors.

¢ Notation: A 4x4 matrix is common for 3D graphics, allowing homogeneous coordinates.
e Key Matrices:

Translation Matrix: Moves an object in space.

e Scaling Matrix: Resizes an object.

Rotation Matrices: Rotates around the X, Y, or Z axis.

¢ Perspective Projection Matrix: Simulates depth and field of view.

 To transform a vector v by a matrix M, compute v' = M * v.
e Matrix multiplication is associative but not commutative.

Transformations and Homogeneous Coordinates
In graphics, we often chain multiple transformations: scale, rotate, then translate. Homogeneous coordinates make

this chaining efficient.

¢ Represent a point (x, Y, z) as (X, Y, z, 1).

e Apply a 4x4 matrix to perform all transformations in one step.

e Example: To rotate a cube 45° around the Y-axis and then move it 2 units up, build a rotation matrix R and a
translation matrix T, then compute M =T * R.

Perspective Projection

Perspective projection makes distant objects appear smaller, creating depth perception.

* Field of View (FOV): The camera’s viewing angle.
¢ Aspect Ratio: The ratio of width to height of the viewport.
* Near and Far Planes: Limits of what can be seen.



* Projection Matrix:

[ /(aspect*tan(FOV/2)) O 0 0]

[0 l/tan(FOV/2) O 0]

[0 0 -(far+near)/(far-near) -(2*far*near)/(far-near) ]
[O 0 -1 0]

Lighting Basics
Realistic shading depends on how light interacts with surfaces. The most common model is the Phong Reflection
Model, which combines ambient, diffuse, and specular components.

¢ Ambient: A constant light that simulates indirect illumination.

« Diffuse: Depends on the angle between the light direction and surface normal.
e Specular: Represents shiny highlights, depending on the viewer’s position.

e Formula:

Color = Ambient + Diffuse * max(0, N - L) + Specular * max(0, R - V)"shininess
 Variables:

N: Surface normal.

e L: Light direction.

¢ R: Reflection direction.

¢ V:View direction.

« shininess: Controls the size of the specular highlight.

Texture Mapping
Textures add detail without increasing geometry complexity.

e UV Coordinates: 2D coordinates mapping a texture to a surface.
e Mapping process:

Assign UV coordinates to each vertex.
¢ During rasterization, interpolate UVs across the triangle.
* Sample the texture at the interpolated UV to get the final color.

First Steps in Practice

Now that we've covered the theory, let's look at how you can apply these concepts in code. We'll use a simple
WebGL example, but the same principles apply to any graphics API.

Setting Up Your Environment

1. Install a modern browser (Chrome, Firefox, Edge).

2. Create an HTML file with a &lt;canvas&gt; element.

3. Add a JavaScript file that will contain your rendering code.

4. Optionally, use a build tool like webpack or a framework like three.js to simplify shader and buffer
management.

Creating a Simple Shader

Shaders are small programs that run on the GPU. A minimal vertex and fragment shader pair looks like this:



I* Vertex Shader */

attribute vec4 a_position;

attribute vec3 a_normal;

uniform mat4 u_modelViewProjection;
uniform mat4 u_normalMatrix;
varying vec3 v_normal;

void main() {
gl_Position = u_modelViewProjection * a_position;
v_normal = mat3(u_normalMatrix) * a_normal;

/* Fragment Shader */
precision mediump float;
varying vec3 v_normal;
uniform vec3 u_lightDirection;
uniform vec3 u_color;

void main() {
float diffuse = max(dot(normalize(v_normal), normalize(u_lightDirection)), 0.0);
gl_FragColor = vec4(u_color * diffuse, 1.0);

Building a Triangle

Define the triangle’s vertices, normals, and indices:

const vertices = new Float32Array([
/I Position // Normal
0.0, 1.0,0.0, 0.0,0.0,1.0,
-1.0,-1.0,0.0, 0.0, 0.0, 1.0,
1.0,-1.0,0.0, 0.0,0.0, 1.0,

D

const indices = new Uint16Array([0, 1, 2]);

Applying Transformations

Use a math library like gl-matrix to create transformation matrices:

const model = mat4.create();



mat4.translate(model, model, [0, 0, -5]);
mat4.rotateY(model, model, Math.PI / 4);

const view = mat4.create(); // Usually identity if camera at origin
const projection = mat4.create();
mat4.perspective(projection, Math.PI / 4, canvas.width / canvas.height, 0.1, 100);

const modelViewProjection = mat4.create();
mat4.multiply(modelViewProjection, projection, mat4.multiply(modelViewProjection, view, model));

Rendering Loop

In the animation loop, update the matrices, set uniform values, and draw:

function render() {
requestAnimationFrame(render);
mat4.rotateY(model, model, 0.01); // Rotate over time
mat4
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