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Mastering Conditional Probability Problems and Solutions: A Complete 
Guide

Probability is a cornerstone of statistics, data science, and everyday decision making. While many people learn 

basic probability concepts early on, the concept of conditional probability often remains elusive. Understanding 

how to solve conditional probability problems and solutionsis essential for students, professionals, and anyone

who deals with uncertainty. This guide breaks down the theory, walks through practical examples, and provides a

collection of exercises that will help you master the topic.

What Is Conditional Probability?

Conditional probability measures the likelihood of an event occurring given that another event has already taken 

place. It is denoted as P(A|B), read as “the probability of A given B.” The formula is:

P(A|B) = P(A ") B) / P(B) (provided that P(B) &gt; 0).

In plain language, you’re adjusting the probability of event A by taking into account that event B has happened. This

adjustment is crucial when events are not independent.

Key Terms

•  Event: A set of outcomes from a probability experiment.

•  Independent Events: Two events where the occurrence of one does not affect the probability of the other.

•  Dependent Events: Events where the occurrence of one influences the probability of the other.

•  Intersection (")): The event that both A and B occur.

•  Union ("*): The event that at least one of A or B occurs.

Why Conditional Probability Matters

In real-world scenarios, information rarely arrives in isolation. For example:

•  A medical test result is more informative when combined with a patient’s age or pre-existing conditions.

•  Insurance risk assessments consider past claims history along with demographic data.

•  Machine learning models update predictions as new data streams in.

By mastering conditional probability, you gain the ability to refine predictions, make informed decisions, and design

more accurate statistical models.

Step-by-Step Approach to Solving Conditional Probability Problems

1.  Read the Problem Carefully – Identify the events A and B, and note any given probabilities.

2.  Determine Event Relationships – Check if events are independent, mutually exclusive, or overlapping.

3.  Calculate Intersection or Conditional Probabilities – Use the formula or known relationships.

4.  Apply the Conditional Formula – Compute P(A|B) or P(B|A) as required.

5.  Check Your Work – Verify that probabilities are between 0 and 1 and that the logic aligns with the problem 

context.



Common Pitfalls

•  Assuming independence when events are actually dependent.

•  Forgetting to divide by P(B) when computing conditional probability.

•  Misinterpreting “given” as “and” without proper conditional reasoning.

•  Ignoring the requirement that P(B) &gt; 0.

Illustrative Examples

Example 1: Classic Card Problem

A standard deck has 52 cards. Let event A be drawing a king, and event B be drawing a heart. Find P(A|B).

Solution:

•  P(A ") B): Only one king of hearts. So P(A ") B) = 1/52.

•  P(B): 13 hearts out of 52 cards, so P(B) = 13/52 = 1/4.

•  P(A|B) = (1/52) / (1/4) = (1/52) * (4/1) = 4/52 = 1/13.

Interpretation: Given that you already know the card is a heart, the chance that it’s a king is 1/13.

Example 2: Medical Test Accuracy

A disease affects 2% of a population. A test has a 95% true positive rate (sensitivity) and a 90% true negative rate

(specificity). If a person tests positive, what is the probability they actually have the disease?

Let:

•  D = person has disease.

•  T+ = test positive.

We need P(D|T+).

Using Bayes’ theorem (a special case of conditional probability):

P(D|T+) = [P(T+|D) * P(D)] / P(T+)

Compute components:

•  P(T+|D) = 0.95 (sensitivity).

•  P(D) = 0.02 (prevalence).

•  P(T+|¬D) = 0.10 (1 - specificity).

•  P(¬D) = 0.98.

•  P(T+) = P(T+|D) * P(D) + P(T+|¬D) * P(¬D) = 0.95*0.02 + 0.10*0.98 = 0.019 + 0.098 = 0.117.

Thus, P(D|T+) = (0.95 * 0.02) / 0.117 "H 0.019 / 0.117 "H 0.162 or about 16.2%.

Even with a highly accurate test, the low disease prevalence leads to a relatively small probability of actually having

the disease after a positive result.

Example 3: Monty Hall Problem

In the classic Monty Hall game, you pick one of three doors, one of which hides a car. After you pick, the host

opens a different door revealing a goat, and offers you the chance to switch. What is the probability of winning if

you switch?

Let:



•  C = car is behind the door you initially chose.

•  G = host reveals a goat.

We want P(win|switch). The intuitive answer is 2/3, but let’s derive it.

Initially, P(C) = 1/3 and P(not C) = 2/3. After the host opens a goat door, if you initially chose a goat (which occurs 

with probability 2/3), switching guarantees a win. If you initially chose the car (probability 1/3), switching leads to a 

loss. Thus, P(win|switch) = 2/3.

Common Types of Conditional Probability Problems

1. Bayes’ Theorem Applications

These problems require updating a prior probability based on new evidence. They are common in medical

diagnostics, spam filtering, and reliability engineering.

2. Sequential Sampling

Scenarios where outcomes depend on previous draws or selections, such as drawing cards without replacement or

sampling from a population.

3. Contingency Tables

Tabular representation of joint probabilities. Problems involve calculating conditional probabilities from frequency

data.

4. Stochastic Processes

Markov chains and other processes where future states depend on current states. Conditional probability is used to

compute transition probabilities.

5. Conditional Expectation

While not purely probability, it extends the concept to expected values given a condition.

Advanced Techniques

Using Law of Total Probability

When an event can occur through multiple mutually exclusive pathways, the law states:

P(A) = :2��„�Ä%ö’’�¢��„%ö’•, where the B_i form a partition of the sample space.

This is often used to compute marginal probabilities before applying Bayes’ theorem.

Conditional Independence

Sometimes events A and B are independent given a third event C. Recognizing this can simplify calculations

dramatically.

Practice Problems and Solutions

Problem 1: Lottery Odds

A lottery draws 6 numbers out of 49. You have selected 6 numbers. What is the probability that your ticket wins the

jackpot, given that the winning numbers contain at least one number you selected?

Solution:



•  Let J = jackpot win.

•  Let F = winning set contains at least one of your numbers.

•  We need P(J|F).

•  Since a jackpot win implies all 6 numbers match, it automatically satisfies F. Therefore, P(J|F) = P(J) = 1 / 

C(49,6) "H 1 / 13,983,816 "H 7.15×10 { x.

Problem 2: Urn Sampling

An urn contains 5 red and 7 blue balls. Two balls are drawn sequentially without replacement. Find the probability

that the second ball is red given that the first ball is blue.

Solution:

•  After drawing one blue, the urn has 5 red and 6 blue left.

•  Probability that second ball is red = 5 / (5+6) = 5/11.

•  Thus, P(second red | first blue) = 5/11 "H 0.4545.

Problem 3: Weather Forecast

Historical data shows that on rainy days, 80% of the time the air conditioning (AC) system is on. On non �rainy days,

only 30% of the time the AC is on. The probability of rain on any given day is 0.4. If you notice the AC is on, what is

the probability it is raining?

Solution:

•  Let R = rain, A = AC on.

•  We need P(R|A).

•  Compute P(A) = P(A|R)P(R) + P(A|¬R)P(¬R) = 0.8*0.4 + 0.3*0.6 = 0.32 + 0.18 = 0.5.

•  Then P(R|A) = (0.8*0.4) / 0.5 = 0.32 / 0.5 = 0.64.

•  So there’s a 64% chance it’s raining if the AC is on.

Problem 4: Security System

A building has two security systems: motion sensors (M) and camera alerts (C). The probability that a motion

sensor triggers a false alarm is 0.05. The probability that a camera alerts when a motion sensor triggers is 0.9.

What is the probability that a camera alert occurs given that there was a false alarm by the motion sensor?

Solution:

•  Let F = false alarm by motion sensor, A = camera alert.
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